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^O ■ Abstract 

> 

QQ ■ We construct a lattice model for two-dimensional ^f = (2, 2) super symmetric QCD (SQCD), 

VO ■ with the matter multiplets belonging to the fundamental or anti-fundamental representation of 

(N 



O 



the gauge group U(A^) or SU(A^). The construction is based on the topological field theory 
(twisted supercharge) formulation and exactly preserves one supercharge along the line of the 
QQ I papers [I]-[l] for pure super symmetric Yang-Mills theories. In order to avoid the species doublers 

^^ ' of the matter multiplets, we introduce the Wilson terms and the model is defined for the case of 

the number of the fundamental matters (ra+) equal to that of the anti-fundamental matters (n_). 
^ , If some of the matter multiplets decouple from the theory by sending the corresponding anti- 

holomorphic twisted masses to the infinity, we can analyze the general n+ ^ n„ case, although 
the lattice model is defined for n-|_ = ri_. By computing the anomaly of the U(1)a R-symmetry 
in the lattice perturbation, we see that the decoupling is achieved and the anomaly for n+ ^ n_ 
is correctly obtained. 



^ 



1 Introduction 

Lattice formulation of quantum field theory has been the most solid method to give its 
constructive definition and to explore its nonperturbative properties. Wilson's lattice 
gauge theory has been demonstrating it as the most typical and well-known example. In 
general, it is not possible to realize all the symmetries possessed by the target continuum 
theory in the lattice formulation. Thus, in constructing the target theory from its lattice 
formulation, in the continuum limit we often have to tune some coupling constants against 
the corresponding relevant operators radiatively generated, to recover the symmetries not 
realized at the lattice level. It is desirable to start with the lattice theory realizing more 
symmetries of those possessed by the target theory, so that the relevant operators to be 
tuned are fewer. Also, from the theoretical point of view, it is intriguing to seek novel 
ultra-violet completions which possess symmetries never realized so far. The Ginsparg- 
Wilson formulation for the chiral symmetry [5] is such a well-known example. 

Since supersymmetric gauge theory is one of the promising candidates that describe the 
physics beyond the standard model, it is important to construct its lattice formulation 
to proceed the nonperturbative investigation from the first principle. However, there 
has been a notorious difficulty on the reconciliation of supersymmetry with the lattice 
structure [61I71 I8JH At present, some lattice models realizing a part of the supersymmetries 
of the target theory have been constructed^. For example, see [I3l [TU [151 [IB] for the field 
theories without gauge symmetry, [T71 jTSl [I1I21 [31 [IHl HI [20] for pure supersymmetric Yang- 
Mills (SYM) modelqjj and fFI\ [23] for the two-dimensional SYM coupled with matter 
fields. Moreover, the numerical simulations of the constructed lattice two-dimensional 
SYM models have been done in pH [251 EE]. In particular, Refs. |26] have presented 
a framework of observing the dynamical supersymmetry breaking for a general lattice 
theory possessing at least one exact supercharge. 

In this paper, we construct a lattice theory for two-dimensional A/" = (2, 2) super- 
symmetric QCD (SQCD) with matter multiplets belonging to the fundamental or anti- 
fundamental representation of the gauge group G = U(A^) or SU(A^). In the same manner 
as the previous work for SYM theories [B 121 [31 [1] , our construction is based on the topo- 
logical field theory (or twisted supercharge) formulation of the target supersymmetric 
theory, differently from fFI\ [23] based on the idea of the deconstructioiu. The lattice 
gauge fields are represented as compact link variables, and one of the supercharges of the 
target theory is exactly preserved at the lattice level. 

This paper is organized as follows. In the next section, we explain the target continuum 
theory, two-dimensional A/" = (2, 2) SQCD with n+ fundamental and n_ anti-fundamental 
matter multiplets. We can introduce general superpotentials and the twisted masses (fur- 



^ Although there is an attempt to overcome the difficulty by deforming the Leibniz rule on the 
lattice O [TO] , it seems necessary to be elaborated further [TT] . 

^ For a recent review, see [H] . 

•^ Ref. [21] discusses on observables of the topological field theory on the lattice. 

^ Some relations among the deconstruction models and the topological field theory construction are 
discussed in [HdHj- 



therinore the Fayet-Iliopoulos (FI) term and the topological -(^-term for G = U(A^)). The 
action is supersymmetric and expressed as the Q-exact form (except for the topological 
i?-term) . Q is a linear combination of the four supercharges of the target theory obtained 
by the topological twist. In the presence of the twisted masses, Q is nilpotent up to the 
combination of an infinitesimal gauge transformation and infinitesimal flavor rotations, 
whose transformation parameters are the Higgs scalar (j) and the holomorphic twisted 
masses, respectively. In section El we construct the lattice action with the supersymme- 
try Q exactly preserved. In order to avoid the species doublers of the matter multiplets, 
we introduce the Wilson terms and the model is defined in the case n^ = n^{= n). Then, 
the flavor symmetry reduces from U(l)" x U(l)" to its diagonal subgroup U(l)". The 
Q-invariance of our lattice action is guaranteed, when the flavor rotation generated by Q^ 
falls into the subgroup U(l)". Thus, we are forced to focus on the case that the holomor- 
phic twisted masses of the fundamentals and anti-fundamentals of the flavor I are equal 
m+/ = m-i{= rhi) with / = 1, ■ ■ ■ ,n. In section HI we analyze the anomaly of the U(1)a 
R-symmetry in both of the continuum and lattice cases. Although the lattice action is ap- 
plicable only to the case n_|_ = n_, it will be possible to obtain the physical consequences 
for the general case n^ ^ n_^, by sending some of the anti-holomorphic twisted masses to 
the infinity intending to decouple the corresponding matters from the theory. Actually, 
we see that the decoupling is achieved and the U(1)a anomaly for n+ 7^ n^ is correctly 
obtained by perturbative calculation using our lattice action. The summary of the results 
obtained so far and the discussion on future subjects are presented in section [5l In ap- 
pendix [XJ to clarify the notation, we explicitly derive the (1 + 1) -dimensional Af = (2, 2) 
SQCD action by the dimensional reduction from Af = 1 SQCD in 3 -|- 1 dimensions. 
Appendix [B] is devoted to details on the lattice perturbative computation of the U(1)a 
anomaly. 

2 Two-Dimensional Continuum A/" = (2, 2) SQCD 

A/" = (2, 2) SQCD in 1 -|- 1 dimensions is derived from the (3 -|- l)-dimensional A/" = 1 
SQCD by the dimensional reduction. The field contents are the dimensional reduction of 
the four-dimensional vector multiplet V, n^ chiral multiplets belonging to the fundamental 
representation $+/ = (0+j-,'0+/, F+j) (/ = 1, ■ ■ ■ ,n+), and n_ chiral multiplets belonging 
to the anti- fundamental representation $_// = {(j)-i',tp-i>,F_ji) (/' = 1, ■ ■ • ,n_). After 
the dimensional reduction, V contains the gauge fields A^, the Higgs scalars 0, 0, the 
gaugino fields A, A, and the auxiliary field D. The detail is explained in appendix lAl 

To develop the corresponding lattice formulation, we consider the theory in Euclidean 
two dimensions, which is obtained from (lA.lip by the Wick rotation 

x° -^ -ixo, Ao -^ iAo. (2.1) 



The result is 



^(E) _ q{E) . q{E) . q{E) 



ol-^j _ q(^) I q{^) I q{^) (n n\ 

'^2DSQCD ~ *-^2DSYM "■" ^mat,+ "I" ^mat,-5 I'^-'^y' 

+4XrV,Xr + AXlV.Xl + 2A^[0, A^] + 2Al[0, A^] 
/• "+ r 1 _ 

•J 1=1 L 

-iV2 y(p\^j{XLip+iR - Xn-ip+iL) + {-^+irXl + ^+/lAr)0+/ j , 

/■ "" r 1 - 

-i\f2 ({-iP-I'lXr + tp-I'RXL)(j)^_i, + (p-I'iXRi'-I'L - XLi}-rR)j , 

where V^ = |(^o ~ i^^i), T^z = |(^o + iT^\)i and the spinor indices i?, L are used instead 
of 1, 2, respectively. After the Wick rotation, the contours of the auxiliary fields in the 
path-integral are chosen to give the convergent resultu. 

The supersymmetry of the action is given by the result of the Wick rotation of (1A.12I) . 
( 1A.13I) and ( JA.1411 . Also, the classical action has the two R-symmetries U(l)y and U(l)^. 
The origin of the U(l)y is the U(l)^ symmetry in the four-dimensional A/" = 1 theory, 
while that of the U(l)^ is the rotational symmetry in the directions (x'^,x'^) to be di- 
mensionally reduced. The (U(l)y, U(l)^) charges are assigned for the supercoordinates 
0,6, the supercharges Q,Q and the field contents as 

^z.:(l,l). Or: {1,-1), ^^:(-l,-l), ^^ : (-1, 1) 

Q,.:(-l,l), Qr: {-1,-1), Ql: {l,~l), Qr- {1,1) 

0:(O,2), 0:(O,-2), A^ : (1, 1), Afi:(l,-1), Al:(-1,-1), A^ : (-1, 1) 

^+,i:(-l,l), i^+m: {-!,-!), F+j : {-2,0), 

iP+jl: {1,-1), ^+ir: {1,1), Fl:{2,0), 

^P^PL : (-1, 1), i'-I'R : (-1, -1), F^p : (-2, 0), 

^.pl: {1,-1), ^P-i'r: {1,1), f!,, : (2, 0) (2.3) 

with the other fields neutral for both U(l)'s. 



^ Or equivalently, treating F+j and F^j (F_/' and F_j,) as independent variables, we further rotate 
a,s D ^ iD, F+i -^ iF+j and F_|^ -^ iFlj {F^r -^ iF^p and F^^, -^ iF^j,). 



Renaming the variables aqj 



1 - i - 

X = -^(AK-Ai), r] = -tV2i\n + \L), (2.4) 

the transformation rule under the supersymmetry Q is given by 

QAf, = ip^, Qip^ = iV^(f), 

Q(j) = ri, Qri= [0,0], 

Qx = ^D + ^Fou QD = -QF^i - i[^,x], (2.5) 

Q(j)+I = -IJJ+IL, Qi'+IL = -0 0+7, Qlp+IR = (^0 + i1^l)(p+I + ^+7, 

Q4>\i = -i'+iR, Qi'+iR = 0V/ 0, Qi>+iL = (^o - «^i)0V7 + ^Ij, 

QFIj = {Vo - iVi)i,+iR - ^+jL + 20V,(V^o - #i), (2.6) 



7' = -V'-7'L, Q-ip-I'L = -0-7' 0, Qlp-I'R = (^0 + i^l)0-7' + -^-7', 

gF_// = (Po + i'Di)i'-PL - ^-7'7?0 + i<P~i'iipo + i'^i), 

Q(p^-r = -i'-i'R^ Qijj-i'R = -00^7"/, Qi'-i'L = {T>Q - zPi)0lj, + f1^,, 

QF!,, = (Po - iVi)i).rR + (l)i>-rL - ^(V^o - #i)0lj,. (2.7) 

It is easily seen that Q is nilpotent up to the infinitesimal gauge transformation with the 



^This notation is based on the representation under the twisted U(l) group - the diagonal sum of the 
two-dimensional rotational group and U(l)y, which corresponds to the A model twist in Ref. [^ . 



(complexified) parameter 0. The action fl2.2p can be expressed as the Q-exact form: 



S, 



(E) 
SYM 



Q— I d'xtr 



-ix{Foi -D) + -r/[0, (f)] - iilj^V^^ 



S, 



(E) 
mat,- 



r "^ 1 r - 

•^ 7=1 



+i)+iR <P+i - 4>+i ^ ^+iL + '^i4> 



y+iX(p+i 



S, 



(E) 
mat, 



Q / d'^x 



n- 

i'=i 



iVi)(p_p - F_r) i)_rL 



+ij.rR [iPo - iV,)(Plj, - f!,,) 



I'R + ip-i'L 4> (f>Li> - 2i<; 



'-I' 



(2. 



(2.9) 



(2.10) 



In these formulas, Q acts to the gauge invariant expressions, from which the Q invariance 
of the actions follows. By rewriting the auxiliary field as H = iD + iFoi, the SYM sector 
exactly coincides to the corresponding SYM action discussed in pi, f2] . 



2.1 Superpotentials, Mass Terms, FI and i?- Terms 

We can introduce interactions among the matter fields $+/,$_// in the form of the di- 
mensional reduction of the superpotentials in 3 + 1 dimensions: 



4^/ 



d X 



iy($+,$_) +iy($^,$L 



t rf>t 



f2.111 



where the gauge and flavor indices of the fields are appropriately contracted. 

Here, two kinds of mass terms can be introduced to the matters. One is the complex 
mass terms, which are included in the superpotentials. The fermion part is 

y^ [mir {ip-VL ^+iR - ^-I'R ^+il) + m},j {if+iR i>-vL - i'+iL ^'-i'r) ]■ (2.12) 

1,1' 

The complex masses preserve U(1)a, but not U(l)y. Then, U(l)v combined with U(l)a, 
which is a U(l)-subgroup of the flavor rotation: 



U(l). : ^+1 



$+. ^e^°$+7. 



<l>_r ^e"'<!>^r, 



e-^" $t 



+/' 



$ 



-/' 



e"'"$l,„ 



(a G R) 



(2.13) 



can become a symmetry. 



The other is the twisted mass terms, which are not included in the superpotentials 
They can be introduced by gauging the U(l)"+ x U(l)"" of the flavor symmetry and fixing 
the corresponding vector superfields to the background values as 

1=1 1=1 

n_ n_ 

^$_,,e-^$l,, ^ ^ $_,, e-^+^-^' $t_,, (2.14) 

i'=i i'=i 

with 

V_r = 29ReLm-i' + 2eL9Rm*_j,. (2.15) 

They give the following mass terms to the fermions: 

y] {m+i ijJ+iL ^+iR + fh\i ijj+iR iP+il) + ^ {m_p ip_rR ijj_pl + m*_j, ip_rL i^-VRj ■ 
1=1 i'=i 

(2.16) 

The twisted masses preserve U(l)y, but not U(l)^. It should be noted that the flavor 
symmetry of the matter-part action is broken from U(n_|_) x U(n_) to U(l)"+ x U(l)"'- 
by introducing generic twisted masses. 

Because U(1)a transforms the left-handed fermions and the right-handed fermions 
differently, it can be anomalous at the quantum level. We will discuss it in section HI 

In the presence of the twisted masses, the supersymmetry transformations for the 
matters are deformed. (For the explicit form, see flA.lQp . flA.20p .) In particular, the Q 
transformation becomes 



/ = -ip+iL, Qip+iL = -(0 - m+i)(t)+j, 

QiP+iR=iVo + tV,)(l)+i + F+j, 
QF+i = (Vq + iDi)i)+iL + (0 - m+i)i)+iR - i{i)o + #i)0+/. 






Q^+iL = iVo-tV,)(l)lj + Flj, 

QFIj = (Do - iVi)i^+iR - i)+iL{(l) - m+/) + i4>lMo - #i), (2.17) 



/' = -^jJ-i'L, Qi'-i'L = -<P-i'{(l) - fh_r), 
Q^P-PR = (Vo + «I^i)0-/' + F_r, 
QF^P = {Vq + iVi)i)^rL - tp-i'Ri(t) - m_p) + i(t)-p{ipo + #i), 

<50!_// = -^-I'R, Qi'-i'R = -(0 - m_p)(i)lj,, 

Qij.PL = (Vo - iVi)4>lj, + fI,„ 

QFI,, = {Vo - iVi)i)_pR + (0 - m.p)i>.pL - lii'o - i^i)4>lp. (2.18) 



Then, Q is nilpotent up to the combination of the infinitesimal gauge transformation with 
the (complexified) parameter and the infinitesimal fiavor rotations with the (complexi- 
fied) parameters m+/, ffi-r acting as 






(2.19) 



The matter-part actions, the Wick rotation of flA.171) and flA.181) . can be written as 
the Q-exact form: 



S. 



(E) 



s. 



(E) 



mat,— m 



/ 1 

1=1 

+ ((Do - ^I?i)0U - 4/) ^+iR 
+iP+ir{(J) - mlj)(j)+i - (f)lj{(j) - m\j)i)+iL + 2i4>\jX(t>+i 

/n- 
d'x ^ - [ {{Vo + iVi)(t)-i, - F^r) ^P^PL 
i'=i 



(2.20) 



-(p-i'icf) - m*_j,)i)^rR + i)-rL{4> - m*^i')4>-r - 2i0-/'X0l/' 



f2.211 



In the above, Q acts to the gauge invariant expressions possessing the fiavor symmetry 
11(1)"+ X U(l)"~, which shows the Q invariance of the actions. 

Also, the superpotential terms can be expressed as the Q-exact form: 



S, 



(E) 
pot 



N 

•^ i=i 



n+ 






1=1 



J+Ii 



'+Ii 



+E -«> 



^t J,t 



-I'Bi TTj TTT* W-I'Li 



I' = l 



f2.22) 



where we wrote the gauge index i{= 1, ■ ■ ■ , A^) explicitly. 

For the case G = U(A^), the FI and -i^-terms can be introduced to the action: 



S, 



(E) 
FI,i9 



d"^xtr ( nD — i — Fqi 

2-K 



Qk I d^a;tr {—ix) — ^ 



d — 27rm 
2^ 



d^x tr Ff 



01 



(2.23) 



with K being the FI parameter. The second term in the r.h.s. is a topological term, and 
thus Q-invariant. The first term yields the '(9-term with the imaginary value d = 27rm, 
that is compensated by the second term. The Q-exact action gives the imaginary valued 
"i^-term, which is common to the four-dimensional case [3Tj . 



3 Two-Dimensional Lattice N = (2, 2) SQCD 

In this section, we latticize the continuum theory discussed in the previous section with 
reahzing the Q-supersymmetry exactly. The lattice is the two-dimensional square lattice 
with the spacing a, the sites of which are labeled by x G Z^. The gauge field ^^(x) is 
promoted to the variable U^{x) = e*'^"^^'^^) on the link {x,x + fi). All the other fields are 
distributed on the lattice sites. 

3.1 SYM Part of Lattice Theory 

The supersymmetry transformation for the SYM fields (12.51) can be realized on the lattice 
as 

QUf,{x) = iijf,{x)Uf,{x), QUi,{xy^ = -iUi,{xy^ij^{x), 
Q^i,{x) = i^f,{x)^^{x) - i {(f){x) - Uf,{x)(f){x + /i)t/^(x)~^) , 

(x) = 0, 

(x) = r]{x), Qvix) = [0(a;), 0(a;)], 



Qx{x) = iD{x) + ^$(x), QD{x) = -^g$(x) - z[0(x), x(x)] , (3.1) 

where $(x) is a lattice counterpart of 2Foi(a:;) defined by 

$(a;) = -i{Um{x) - Uio{x)), U^^{x) = U^{x)U^{x + u)U^{x + v)-^U^{x)-^, 

•^(^^ = 1 IIM TT i ^||2 - (3-2) 

1- M\\-\Jm\x)\Y 



The norm of an arbitrary complex matrix A is defined as ||A|| = A/tr^AAT), and e is a 
constant chosen as 

0<e<2 for G = \}{N). (3.3) 

In the case G = SU(A^), here and in what follows, $(x) is understood to be replaced with 
its traceless part: 

8tl(x) = $(x) - ^ (tr $(x)) In, (3.4) 

and e is chosen as 

0<e<2v^ for G = SU(2), SU(3), SU(4), 

< e < 2ViVsin (^) for G = SU(iV) (A^ > 5). (3.5) 

The transformation (13.11) is defined for the lattice gauge fields satisfying the admissibility 
condition: 

||l-f/oi(x)||<e, (3.6) 

and Q is nilpotent up to the infinitesimal gauge transformation with the parameter (f){x) 
on the lattice. 

8 



We can construct the Q-invariant lattice action as the Q-exact form: 



qLAT 
'-'2DSYM 



1 



So ^ 



X{x) { ~^^x) + tD{x)j +-r/(x)[0(x),0(x)] 



+i ^ i'^,{x) (0(x) - Uf,{x)(f){x + ft)Uf,{x) ^) 

M=0 



(3.7) 



for the admissible gauge fields satisfying (13. 6p for Vx, and 



'S'2bsYM = +00 otherwises. 



(3.^ 



It is straightforward to see that the Q-action in the r.h.s. of (13. 7p gives 



cLAT 
^2DSYM 



^0^? 



tr 



-8(x)^ + ix{x)Q^{x) - D{xf 



-X{x)[(j){x),x{x)] + -[(j){x),(f){x)]'^ - -r]{x)[(f){x),ri{x)] 



+ Yl ('^^^^ " U^ix)<Pix + f^)Uf,{x)-^) (0(x) - U^{x)4){x + fi)U^{x)-^) 

/i=0 

1 

-i ^ ip^,{x) {r]{x) - U^{x)r]{x + ij)U^{xY^) 

(3.9) 



/i=0 

1 



- X^ i'iJi{x)lpf,{x) (0(x) + f/^(x)0(x)f/^(x) ^) 

which reduces to the continuum expression (12. 8p in the naive continuum limit. 

Concerning the gauge fields, the form of the action is essentially same as that of 
Liischer's lattice action of the four- dimensional chiral U(l) gauge theory [32]. Note that 
the Boltzmann weight exp[— S'qym] is smooth and infinitely differentiable with respect to 
the lattice fields, and gives no contribution from the field configurations not admissible. 
In this way, the gauge field configurations are effectively restricted to the admissible ones 
with the smoothness, and the degeneracy of the vacua is resolved to single out the vacuum 
Uoi[x) = Iat without spoiling the Q-supersymmetry ^. 

The SYM part exactly coincides to the pure SYM model discussed in [2], after renam- 
ing the auxiliary field as 



H{x) = iD{x) + -$(x). 



(3.10) 



For the case G = U(A^), the FI term can be introduced to the action as the Q-exact 
form 

QKj2tri-ixix)) = Kj2tT D(x) + ^$(x) (3.11) 



with the counterpart of the imaginary "i^-terni (-(9 = 27rm) accompanied. Similarly to 
the continuum case, to compensate the imaginary ^-term, we can independently add the 
topological quantity on the lattice 

5^trlnf/oi(a;), (3.12) 

X 

which is Q-invariant due to the topological property. In fact, for the case of finite periodic 
lattices or the infinite lattice, 

Qj2^T\nUoi{x) = J2tT[Uoi{x)-'QUoi{x)] 

X X 

^tr[^o(x)+V'i(a; + 6)-^o(x + i)-^i(x)] =0. (3.13) 



X 



Note that the logarithm of the plaquette variables is guaranteed to be well-defined by 
imposing the admissibility condition stronger than (13.31) with 

< e < 1. (3.14) 

Combining these, we can incorporate the Q-invariant FI and ^?-terms into the lattice 
action as 

-^FM = Q^J2^r{-^x{x)) _ ^-2"^ ^tr \nUoi{x) (3.15) 



27r 



X 



by choosing e as (I3.14p . 

Although the action (13. 9p has noncompact flat directions with respect to 4>{x), (pi^x), it 
can be lifted by introducing suitable couplings to the matter sector as discussed in [301 ES] . 
It will also be possible to construct the lattice SYM part with the compact Higgs fields, 
similarly to Ref. [1]. (See also [M].) 

3.2 Matter Part of Lattice Theory 

In order to latticize the matter part, we introduce the covariant forward (backward) 
difference operators D^ (Z^*) by 

aDf,(^+j{x) = f/^(x)$+7(a; + /i) -<l>+/(x), 

aD*^^+j{x) = <^+i{x)-U^{x-il)-^<^+j{x-fi), 

aD^<l>+i{xy = $+7(x + /i)"ff/^(x)"i-<I)+/(x)^ 

aD;$+,(x)t = $^,(x)t-$^,(a;-/i)tf/^(a;-/i), (3.16) 

aL'^$_//(x) = (!>^r{x + fi)U^{x)-^-^^r{x), 

aDl<!>_r{x) = <^^r{x)-<^_p{x-fi)U^{x-fi), 

aD^^_r{xy = f/^(x)$_7/(x + /i)^-<I)_//(x)^ 

aD;^^p{xy = <^.iixy-U^{x-i^)-'<^^p{x~fi)\ (3.17) 

10 



and denote their symmetric and anti-symmetric combinations as 

D'^^^iD, + D;), D^^^iD,-D;). (3.18) 

For the case n^ = n_{= n), the Q-supersymmetry transformations for the matter fields 
), (12. 7p can be reahzed on the lattice as follows: 

Q(j)+i{x) = -^+il{x), QiI)+il{x) = - {(pix) - m+i) (p+iix), 

1 
Q^+ir{x) = a{D^ + iDf)(t)+i{x) + ^raD^(l)^i{x)^ + F+j(x), 

At=0 

1 

QF+i{x) = {(j){x) - m+i) ^+ir{x) + a{D^ + iDf)^+jL{x) + J^ raD^i)^iR{x) 
-i- {Mx)Uoix)(p+iix + 6) + Uoix - 6)-^Mx - O)0+/(x - 0)) 

+1 {Mx)Uiix)(P+i{x + i) + f/i(x - i)-Vi(a; - i)(p+iix - i)) 
1 . 

~ X] Y {i'^^ix)U^^ix)(|)^I{x + fiY - Uf,{x - fi^^ij^ix - ij)(t)-i{x - /i)^) , 

/i=0 

Q(t)+i{x)^ = -ip+inix), Qi>+jR{x) = (p+iixY (0(a;) - fh+j) , 

1 
Qij+iL{x) = a{D^ - zDf)0+,(x)t + J2raD^<j)^i{x) + F+i{x)\ 



QF+i{x)^ = ~iJ+iL{x) {(f){x) - m+j) + a{D^ - iDf)ilj+iR{x) + ^raD;^^_/L( 



X) 



M=0 

+t- {<f)+i{x + 6yUo{x)-^Mx) + <P+iix - oYMx - 0)Uoix - 6)) 

+1 {<P+iix + iyUi{x)-'Mx) + <P+i{x - iVMx - i)Ui{x - i)) 

1 . 

+ ^ — {(p~i{x + fi)U^{xy^ijf,{x) - (t)-i{x - jl)i)^{x - jl)U^,{x - jl)) , (3.19) 

/i=0 
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-/ 



(x) = -'ip_jL{x), Qip^iiix) = (p-i{x) (0(x) - m_i) 



1 



Q^-ir{x) = a{D^ + iDf )0_/(x) + J2 raD^(f)+j{xy + F_j{x), 

At=0 

1 

QF_i{x) = -i)-iR{x) (0(x) - m-i) + a(D^ + iD()i)_iL{x) + Y^raD^^+iR{x) 

At=0 

+z- {<p_i{x + 0)?7o(a;)-Vo(a;) + (p-i{x - 0)^o(a; - 0)?7o(x - 0)) 

-^ (0_,(x + l)Ui{xY^i,i{x) + 0_/(x - i)7/^i(x - l)Ui{x - i)) 

1 . 

At=0 

(50_/(x)"^ = -i!-iR{x), Qi)-iR{x) = - (0(x) - m_/) 0-/(x)^ 

1 
Qi^-iL{x) = a{D^ - zZ}f)0_,(x)t + ^raD;^0+/(x) + F_,(x)^ 

At=0 

1 

QF_i{xy = (0(x) - m_i) ij-iL{x) + a{D^ - tDf)^_jR{x) + ^ raD^ij+jL{x) 

^J.=o 

-t^ {M^)Uo{x)(P-i{x + 0)t + Uoix - 0)-Vo(a; - 0)(p-i{x - 6)^) 

-I {Mx)u,{x)<i)^j{x + i)t + u,{x - i)-'Mx - i)0-/(a; - i)^) 
1 . 

~ X^ "2 (^m(3;)^m(3;)</'+/(3; + A) - f^M(a; - /i)"VM(a; - fi)<P+i{x - fl)) . (3.20) 

/i=0 

Here, r is a real positive parameter, and the Wilson terms containing r are necessary to 
suppress the contribution from the species doublers appearing in both of the fermionic 
and bosonic degrees of freedom^. From the structure of the Wilson terms, which connect 
the fundamentals and anti- fundamentals in each flavor /, we must take n^. = n^. The 



^ It is consistent with the supersynimetry preserved on the lattice. The species doublers can be 
explicitly seen from the poles of the propagators (|4.27p - (|4.30p . 
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nilpotency of Q holds similarly to the continuum case, except for the auxiliary fields: 

1 
Q'^F+i{x) = (0(x) - m+z) F+j{x) - {fh+i - m_i) ^ raD'^(t).i{x)\ 

Ai=0 

1 

Q^F+i{x)^ = -F+iixY (0(x) - m+j) + (m+j - m_j) ^ raD^(P_i{x), 

1 

Q'^F_i{x) = -F_i{x) (0(x) - m_/) - (m+/ - m_/) ^ raD^(t)+i{x)\ 

1 
Q^F_j{xy = {(P{x)~m_i)F.j{xy + {m+i-m_i)Y,raD^<P+i{x), (3.21) 

At=0 

where the contribution from the Wilson terms violates the nilpotency. If we focus on the 
case 

m+/ = m_/(= rhj), (3.22) 

the violation disappears and the Q-supersymmetry becomes entirely nilpotent up to the 
combination of the infinitesimal gauge transformation with the parameter 0(x) and the 
infinitesimal flavor rotations with the parameters fhi acting as 



S(^±j = ipm/$±/, 5$L = ±m/$L. 



(3.23) 



Then, the matter parts of the action (12.201) . (12.211) can be transcribed on the lattice 
as the Q-exact form: 



cLAT 



n 



X 1=1 



^P+il{x) \ a{D^ + iDf)(t)+i{x) + Y,raD^(P^j{x)^ - F+,( 



X] 



fj.=0 



+ I a{D^ - zDf)(P+i{xy + J2raD^^^i{x) - F+i{xy \ i^+m{x) 



M=0 






LAT 
mat.— m 



n 



+^P+ir{x) {(f){x) - mlj) (j)+i{x) - (j)+i{xy {(j){x) - mlj) ^+/l(x) 

+2t(P+jixyxix)^+iix)], (3.24) 

1 



X 1=1 



i{D^ + tDf)<f)_j{x) + J2raD^<t)+i{xy - F^j{x) \ ij^jL\ 



X] 



/i=0 



+ilj-m{x) \ a{Dl - zDf)0_7(x)t + ^raD;f0+/(x) - F_,(x)t 



At=0 



-(/)_/(a;) ((/)(x) - m*_j) tp-mix) + tp-nix) (0(x) - m*_j) 0_/(x)'^ 



-2i(l)_i{x)x{x)(f)^i{xy 



(3.25) 
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Due to the Wilson terms, the flavor symmetry of the lattice actions fl3.24p . (13.251) reduces 
to U(l)", the diagonal subgroup of U(l)" x U(l)" of the continuum case for n+ = n_ = n. 
Thus, the actions are guaranteed to be Q-invariant, when the flavor rotation generated 
by Q^ falls into the diagonal U(l)". Again, this is nothing but the case of (13.221) . In 
what follows, we consider the case (13.221) . Note that we can still freely choose the anti- 
holomorphic twisted masses rh*^j,m*_p 

Also, for the superpotential terms (12.221) . it is straightforward to write down the lattice 
counterpart 



N n 



5pT = «EEE 



X i=l 1=1 



9iy(0+,0_) , I . J t N^^(<^+''^- 



d(t)+ii{x) d(t)+u{x)* 

. (3.26) 






Note that all the terms are not exactly holomorphic or anti-holomorphic, because the holo- 
morphic and anti-holomorphic fields are mixed at the order 0{a) through the contribution 
from the Wilson terms. 



4 U(l)^ Anomaly 



We analyze the anomaly for the U(l)yi R-symmetry in the system with the twisted mass 
terms introduced, for both cases of the continuum and the lattice, i.e. 

•^SqcD.m = -^SsYM + -^i^i+m + -^ill-m for the coutlnuum casc, (4.1) 

^LAT 
'2DSQCD,m 



'S'2DSQCD,m = 'S'2dsyM + 'S'mat,+m + '^'mat.-m ^^ ^hc lattice CaSC. (4.2) 



In this section, we consider the case G = U(A^). 

In particular, although the Q-invariant lattice action presented in the previous section 
is defined in the case n+ = n_, by sending some of the anti-holomorphic twisted masses 
(m^j-'s or mlj's) to the infinity, we show that the anomaly for the case n^ ^ n_ is 
correctly obtained from our lattice action. 

4.1 U(l)^ Anomaly in the Continuum Theory 

Without taking into account the quantum effect, the Ward-Takahashi (WT) identity for 
the U(l)^ rotation is naively derived as 

{d,3A,{x)) "^=L™ (M(x)) , (4.3) 
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where JAfi{x) is the corresponding Noether current, and M{x) represents the exphcit 
breaking by the twisted mass terms: 

jA,{x) = fZ''{x)+jZ\x), (4.4) 

j%^ = -tT[2<j)V^^~2{V^<P)^ + t7]^^ + 2ie^,xM (eoi = -eio = +1), 

n-|_ n_ 

JM^ = X^ {i'+IL 'ip+IL - i'+IR 'ip+IRJ + J^ {-i'-VL ^-I'L + ^-I'R ^-I'r) , 
1=1 I'=l 

n-i- n_ 

7=1 I'=l 

M{x) = Mb{x) + Mf{x), (4.5) 

n+ 

Mb = 2^ (rri+i (p^j (j) (p+i - mlj (p^j (p (p+ij 
1=1 

n_ 
+2 2J ( "^-/' 0-7' 0I7' - "^Ij, 0_7' 0^^, j , 

n+ 

Mp = 2^^ {fh^i i)+iL tp+iR - m\j i)+iR iP+il) 
1=1 

71 — 

+2 ^ (m_// V'./zH ip_rL - m*^p ip-i'i i'-VR) ■ 
i'=i 

To derive the anomaly potentially arising in (14. 3p . we perform the perturbative com- 
putation for the matter multiplets up to the first order. Since the gaugino belongs to the 
adjoint representation of G, the SYM part does not contribute to the anomaly. First, 
let us calculate (( j™^* (a^) )) , where ((■)) means the expectation value with respect to the 

integration of the matter fields under the action S)^^^ ^~ + S)^^^ _,~. The propagators are 
given by 

{<p^Mxr<P~My))o = Sj,j,5.,l-^,e^'-^^-y^AMp), 

{i^-r..{x)i,.rp,{y))^ = <5/A- / ^ e^^^^'"^) (r_p(p)),^ , (4.6) 
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with a, j3 running over the indices L, i?, and 



In the zeroth order of the perturbation, it is easy to see that ((j™^*(a;))) vanishes. Up to 
the first order, we have the result 



7=1 /'=1 



"+ 1 /• J2, /.I 



^-^ A-TT 



d'k .,_ /-^ , 1 



e'''''' I da 



^ Att J (27r)2 Jq a{l — a)k'^ + ■m^jm*^j 

xtr \m*_^,j {ik^ + (1 - 2a)e^,,/i;,,) (j){k) + fh+j {-ik^ + (1 - 2a)e^,yku) (pik) 






2l /■! 



d'A; 



e'^-" / da^ 



^ Att J (27r)2 Jq a{l — a)k'^ + m-i'm*_j, 

xtr mlj, (-iA;^ + (1 - 2a)e^^/Cj,) 0(/c) + m_// {ik^, + (1 - 2a)e^j,A;,,) 0(A;) 

(4.' 

Here, the fields of the SYM sector are expressed as their Fourier modes, and the Feynman 
parameter a is introduced. Also, 

"-"-"■' " 4 i' '' %(i - c°p + fi_„fii„ '■'^-^' - ^>*^-) + 1^'- <"■«' 

n+/pi.(fc) (n_/'pjy(/i;)) is the vacuum polarization tensor for the overall U(l) gauge field, 
which comes from the loop of the (anti-)fundamental fermions. The gauge invariance 
requires 

k,U+ip,{k) = k,Ii_rp,{k) = 0. (4.10) 

However, the expression of (14. 9 p does not satisfy it. To meet (I4.10p . we remove the last 
terms in the r.h.s. of (14.91) and redefine by 

h5^;;J(A:) = H+,,.(A:) - i-5,., (4.11) 

HLTpl(fc) = n_,,,.(A:) - i-5,.. (4.12) 
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(14. lip corresponds to the procedure to add an appropriate local counter term to the effec- 
tive action, which is obtained after integrating out the fundamental matters in S^^^ ^^, to 
recover the gauge invariance. Also, (14.121) corresponds to the modification to the effective 
action after the integration of the anti-fundamental matters in S^J^^ _^. In fact, denoting 

the overall U(l) gauge currents of G = U(A^) derived from S^^J^ ^^ as j™^*'^(x), the U(1)a 
current can be expressed as 

jZ' = -^f^-^Jr''^ + ^A^^^T'" (4. 13) 

with the bosonic terms neglected in the r.h.s. Since ((jfj^'**'^(a;))) are obtained by differ- 
entiating the matter effective actions with respect to the overall U(l) gauge field A^^^^: 

■mat,±, ^\\ _ 51^±[SYMfields] 
SAT(x 



jr^i^))) = ;.um. . ^ (4-14) 



g-H^+[SYM fields] ^ / fni?$^.2)$Ll e-^~-, 






g-W^_[SYM fields] ^ / I TT-Dd. .-DcBt.. 1 p-Si'Il-^ 

the modification (14.111) . (I4.12p is equivalent to adding the local counter terms to the 
effective actions as 

wt"\SYM fields] = W±[SYM fields] + ^ / d^xtr (AJxY) . (4.15) 

4:TT J 

For ((j™^'(a;))) modified by replacing I[^jp,y{k) and n_/'pj,(fc) in (14.81) with n^J^^(fc) and 
n_j/"^(fc), we have 

{{d,jZ'i^))) = -^K-n-)trFoi(x) + y"A^e^'=-^'da|^trFoi(fc) 



X 



n+ 



m^iin^j s--^ m-iim_j, 



^—^ a(l — a)k'^ + m^jrrfj^j ^ a(l — a)k'^ + m^j'm*_j, 
+ z2 -A T^ \i2 I ~ — ^^ *^ -mlj(t){k) + m+i(f){k) 

^ 1 k^ r ~ ~ ~ -^ 

f^, 4:71 a[l — a)k^ + m-i>m_j, L 

(4.16) 

Next, let us compute {{M{x))). It is easily seen that the zeroth order contribution of 
{{Mf{x))) vanishes. Since Mb{x) already contains the SYM fields 0(a;),0(a;), the contri- 
butions from the first order of {{Mf{x))) and from the zeroth order of {{Mb{x))) are to 
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be compared with (14.161) . The contribution turns out to be equal to the second term in 
fl4.16p . Thus, we obtain 

{{d,JA^\x))) = -i(n+ - n_) tr Foi(x) + ((M(x))) , (4.17) 

which leads to the anomalous WT identity 

{d^.jA>.ix)) = --(n+ - n_) (trFoi(a;)) + {M{x)) (4.18) 

TT 

instead of K^ . 

4.2 U(l)yi Anomaly in the Lattice Theory 

Since the variables in the lattice actions discussed in section [3] are dimensionless, for the 
perturbative calculation of the anomaly, it is convenient to rescale them to assign the 
dimensions same as those in the continuum theory: 

(t>{x) ^ a (f){x) , (j){x) -^ a(j){x), 

^f,{x) -^ a^^'^ijjf.ix), x(x) -* a^^'^xix), r]{x) -^ a^/^?7(x), 

^±ir{x) -^ a^^'^^±iR{x), 4'±ir{x) -^ a^/^^±/ij(x), 

F±,(x) ^ aF±,(x), F^jixY ^aF±i{x)\ (4.19) 

also for the twisted masses 

rhi ^ arhi, m*^i ^ am*^j. (4.20) 

The U(l)A-Noether current obtained from the lattice action is 

Ja,{x) = J%^{x) + JZ\x). (4.21) 

Although the SYM part does not contribute the anomaly and not appear in the following 
calculation, its explicit form is presented in appendix [B] for the completeness. We write 
the contribution from the matter part dividing into the two parts, the r-independent part 
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j^^*(x) and the r-dependent part J™^*(x): 

JZ(^) = ^r(^) + ^r(^), (4.22) 

Jao\^) = IYI [^+iLi^)Uo{x)ij+iL{x + 0) + 2P+il{x + 0)Uo{x)-'^P+jl{x) 
1=1 

-i)+iB{x + 0)f/o(x)" V+/i?Xa;) - i'+iR{x)UQ{x)i)j,iR{x + 0) 
-ip.iL{x + 0)?7o(x)-i^_7i(x) - ^_7i(x)?7o(a;)7/._7i(a; + 0) 
+V'-7/?(x)f/o(x)^_//j(x + 0) + i)-IR{x + 0)t/o(x)"^V^_/ij(x) 
+iail>+iL{x + O)f/o(x)"Vo(a^)0+/(a;) + ia0+/(x)"^'?/'o(a^)f^(a;)'?A+/i?,(a; + 6) 
+ia0_/(x)V'o(a;)f/o(x)^_/L(x + 0) + iat/j_jji{x + O)f/o(x)~Vo(a;)0-/(a;)^] , 

1 " - 
jX(a;) = 2 ^ [z^+7L(a;)f/i(x)^+/L(x + 1) + iij+iL{x + i)t/i(x)-V+/L(a^) 

7=1 

+#+/ij(x + i)f/i(x)~V+//?(a;) + #+/i?(a;)f/i(a;)^+/ij(x + 1) 
-ii)-iL{x)Ui{x)i}-iL{x + i) - i^-iL{x + i)t/i(a;)"^V^-/L(a;) 
-#_/R(a;)f/i(x)^_/ij(x + i) - i^-mix + i)f/i(x)"^V^_/ij(x) 
-ai!+iL{x + i)Ui{xy^ilJi{x)(f)+i{x) + a0+/(x)Vi(a;)f/i(a;)^+/i?(x + i) 
-a(j)_i{x)il)i{x)Ui{x)i>^iL{x + i) + ail)^iR{x + i)[/i(x)"Vi(a;)0-/(a;)"^] , 

n 

Ja^^^) - 2 ^ [^+iL{x)U^{x)i).iR{x + fi)- iP+il{x + fi)Uf,{xy^ilj.iR{x) 
1=1 

+i)-iL{x)Uf,{x)i)+iR{x + ft) - ^P-il{x + fi)U^{xy^tp+iR{x) 

+i}+IR{x)Uf,{x)i)-iL{x + fi) - if+IRix + jl)Uf,{x)~^i)-iL{x) 

+^-iR{x)U^{x)tp+iL{x + /i) - iJ-mix + ii)U^{xY^^+iL{x) 
-ia^+iL{x + jj)U^{xy'^il)^{x)(l)^i{x)^ - ia(l)^i{x)i)^{x)U^{x)il)+iR{x + jx) 
-ia(t)+i{x)^^{x)U^{x)i)-.iL{x + fi) - iatp-iR^x + ij,)Uf,{xy^ijf,{x)(f)+i{x)] . 

JAu'ix) represents the contribution from the Wilson terms. 

The U(1)a WT-identity is derived from the lattice theory (14. 2 p as 

i2'^;jA,{x)) = - ( X] V;Ja,(x) ) + (Mix)) , (4.23) 



\ M=0 / \ M=0 
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where V* is the backward difference operator: V*/(x) = ^ (/(x) — f{x — fi)), and 

M{x) = Mb{x)+Mf{x), (4.24) 

n 

Mb{x) = 2^ (m/0+/(x)^0(x)0+7(x) -m+j0+/(a;)V(2;)0+/(2;) 

7=1 

+m7 0_/(x)0(x)0_/(x)^ — mlj- 0_/(x)0(x)0„/(x)^) , 

n 

E 2 ^ (m/ ?/;+/l(x)V'+/r(x) - m\j ^+iR{x)i)+iL{x) 



Mf{x) 



1=1 



+miip_jR{x)ip^iLix) -m*_j^_iL{x)^^iR{x)) . 



Note that, in contrast to the continuum case (I4.3p . the formula fl4.23p is exact, because 
the lattice system gives an unambiguous ultra-violet completion. In particular, the path 
integral measure is explicitly given as 



(d/XsYM) 

(d/imat) 

(d/imat,±/) 



(d/iSYM) (d/imat), 



n 

X 

n 



.M=0 



X] 



TT dV'o(x) (iip\{x) (ix^{x) (ir]^{x) 



[X 



{x)AD\x), 



mat,+/ 



)(d/. 



mat,—// 



7=1 



TV 



JJ JJ d0±/i(a;) d0±/i(x)* d^±/Li(x) ([^±iRi{x) dip^mix) dip^imix) 



X i=l 



xdF±n{x) dF±n{x)\ 



(4.25) 



where df/^(x) is the Haar measure of the gauge group G, the index A labels the generators 
of G, and the variables with the index A represent the expansion coefficients by the 
generators of G: 



(field) (x) = J](field)*(x) ^^ tr {T^T^) = 1^^^. 



(4.26) 



Each of (d/xsYivi), (d/imat,+7) and (d/7mat,-7) is invariant under the U(1)a rotation. 

We will integrate out the matter multiplets perturbatively to compute the r.h.s. of 
(I4.23p . First, we separate the matter action 5'J;^at"+m + '^'mtt'-m i^^o the free Gaussian part 



S. 



LAT-(2) 
mat,™ 



and the interaction part S 



LAT-int 
mat.m ' 



then expand U^{x) = e^"'^'^^^^ with respect to 
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A^{x). The propagators are read off from tlie Gaussian part as 



-ii{xy(t>-jj{y))o = ^ij^ij I /2'kY 



■■k/q 



e^'^i-{^~y)A_i{q), 



witli the fermions expressed by 



-tt/q 



'' ' .la (27r)2 



g.a..(.-,)f^^(^)) , (a,/5 = l,---,4) 

Q/3 



(4.27) 



^Ax) 



\ iP+ir{x) ) 



^i{x) = {^+iL{x),^-iR{x),^.iL{x),ij+iR{x)) , (4.28) 



and 



A±/(g) 



f,(g) = A+,(9) 







-fg^ 



^^g2(^^^ ^ q^. 



—772/ 



2 



~ ^ 2 'i V'iU I yiy mj V 2 ^ ) 2 ^ 



— m 



]_ (ra^2\'^ J_m -2 

+/ mj V 2 y / m/ 2 



+A-/(g) 



-fg^ 



r(-^go + gi) -igo + gi 



-iqo + gi -mi 

,2 



'^''g'(% + gi) -^l/-^(fg') -%-gi 



m/ 2 



-i;fq'Hqo + qi) fg' 



(4.29) 



Here, we use the notations for the lattice momenta: 



I 1 

g^ = - sin (ag^) , f = Y1 



^l■> 



2 . faqt^\ .2 V^ ^2 



(4.30) 



/i=0 



In the calculation of — ((X]m=o ^m'^^m(^) )) ^'^'^ ((-^(^)))) where ((■)) represents the ex- 

mat,+m "*" inat,— m' 



pectation value with respect to the matter sector under the action S^^.- + Sl^_~, the 
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SYM fields are treated as the external fields. To see the anomaly from the lattice theory, 
we focus on the case that the external momenta of the SYM fields are much smaller than 
the scale 1/a. The explicit form of the interaction terms 

^mS"* = Vr' + --- + V^""' (4.31) 

is given in appendix [HI where we keep only the terms with 

(the power of external momenta) + (the number of the SYM fields) < 2, (4.32) 

which are relevant for the computation. V^"* and V^™* are the three- and four-point 
gauge-squark couplingcl, and V3™* consists of the three-point gauge-quark couplings. V^"* 
contains the three- and four-point interactions of the squarks to the Higgs, Fqi or D. 
Also, V^™* consists of the Yukawa coupling of the Higgs to the quarks. V^™* and Vj^^ are 
the Yukawa couplings containing x,V &^d 4'^l, respectively. 

Next, let us calculate — (( J2n=o ^^'^^/^(a^) ))• In the lattice perturbation, it is easy to 
see that the zeroth order contribution vanishes. In the first order, 

i2KJA,ix)V:A\ {s = !,■■■, 5) (4.33) 

iM=o //c,o 

(with the suffix "C, 0" meaning to take the connected Feynman diagrams) give no contri- 
bution within the linear order of the external momenta. The contribution from V"g°* leads 
to 

1 



ttJ (27r)M27r)^ 
1 
X $^C,^(a)(-fc, - A;;)tr ^MkMk')) ,(4.34) 

fj.=0 

CiM = ( y) y ^J^2^" ^^<^%) (^+K^)' + ^-Mf) ' (4-35) 

which is to be compared with the contributions from the second order perturbation and 
must be irrelevant to the anomaly. The irrelevance can be seen as follows. Since Cin{a) is 
evaluated to be 0(a^) (up to the possible logarithmic factors) for fixed r > 0, the contribu- 
tion can be neglected in the continuum limit a ^ 0. Similarly, the contribution from V^"* 
is negligible in the continuum limit. Thus, up to the first order perturbation, we conclude 

that — ((J2 11=0^1.'^ ^i^i-'^))) vanishes in the continuum limit. Namely, the contribution 
to the U(1)a Noether current from the Wilson terms does not lead to the anomaly. It is 
a plausible consequence, since the Wilson terms preserve the U(1)a symmetrjo. 



® Here, we call the charged scalars 4>±i and fermions iI^±il,4'±ir as "squarks" and "quarks". 

^ This situation is different from that of the chiral anomaly in the Wilson fermions. In that case, 
the Wilson terms in the lattice action break the chiral symmetry, and thus the anomaly arises from the 
r-dependent part of the Noether current. 
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Regarding {{A4{x))), we easily see that the zeroth order of ((A^i?(x))) vanishes. In the 
next order, as discussed in the continuum case, we take into account the contributions 
from the zeroth order of {{A4b{x))) and from the first order of {{AiF{x)))- The first order 
contributions of {{Aipix))) with the vertices other than V^™* and Vg"* trivially vanish, and 
it turns out that up to the irrelevant pieces 

n 



1=1 



+tr0(x) [m*^jL{mim*^_j) + mlj-L(m/mlj) j] ,(4.36) 
Lim') ^ / 7^4^——-^-, -, (4.37) 



which cancels with the zeroth order of ((A^s(x))). The remaining — {{■M.f{x)V^'^^'J^„ 
potentially contributes to the anomaly. It is computed to obtain 

n n 

-{{MF{x)Vt'))^^^ = 5^5, trFoi(x) +5^(7, trFoi(x), (4.38) 



7=1 7=1 



Ci = ^ I TTTT? cos(ago) cos(agi) [mim\j^^i{qf - mim*_jA^j{qY 
J.^/a (27r)2 V 

Ci = C+i - C^u (4.39) 

C±i = {raf / — -— f {q^ cos(ago) cos(agi) - 2g^ cos(agi) - 2g^ cos(ago)) 

xA±j{qf. (4.40) 

The first term in the r.h.s. of (I4.38P gives the counterpart of {{M{x))) in the continuum 
theory. In fact, according to the Reisz theorem [35], since Cj has the lattice degrees of 
divergencqlj —2, we can naively take the continuum limit to get 



Ci 



]2, 



■mjm_^j mim_j 



d'q 
{2txY \_{q'^ + rhifh\jY {q^ + rhinf^jY 



(4.43) 



From this, it can be checked that Xl7=i ^i ^^ -^oi {x) coincides to the second term in the 
r.h.s. of (14.161) up to the linear order of the external momenta for the case n+ = n_. In 
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Let us consider some amplitude A with L loop momenta q^'^ (/ = 1, • • • , L). Suppose in scaling 



a^^a, g(')^Ag«, (4.41) 

with A large, the amplitude A behaves as 

A = 0{K°). (4.42) 

Then, the lattice degrees of divergence of A is D. 
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the second term, the prefactor {ra)^ in (7^/ indicates that its origin is purely quantum 
mechanical. For the case of all the twisted masses finite, we obtain 



-') 



C+i = C_i = -- (4.44) 

n 

in the continuum limit [2S], and ^"^^ (7/ tr Fqi (x) coincides to the first term in the r.h.s. 
of fl4.16p vanishing for n+ = n^. 

Since the 0{a) terms in the current J™^*(a;) turn out to give no relevant contribution, 
the perturbative computation on the lattice leads to 

{{d,jZ'i^))) = -^(^ - ^) tri^oi(x) + ((M(x))) (4.45) 

in the continuum limit, which coincides to the continuum result (14.171) for n+ = n_. 

Decoupling. So far, we have considered the case n^ = n_{= n), and the obtained 
result coincides with the continuum case (I4.18p . If some of the matter multiplets $+/'s or 
$_7's decouple from the theory by sending the corresponding anti-holomorphic twisted 
masses rh^/s or fh^/s to the infinity, we can analyze the general situation of ?2+ 7^ ^-, 
although the lattice theory is defined only in the case n+ = n_. 

Let us see whether the decoupling holds in the computation of the anomaly. For ex- 
ample, we send m*_^ to the infinity before taking the continuum limit a —>■ (equivalently, 
take 'm*_j^ much larger than 1/a at the lattice level). Since the loop momenta run over 
the finite range [— vr/a, vr/a], the decoupling can be clearly discussed in contrast to the 
continuum case. In the calculation of this subsection, the decoupling is achieved due to 

A_„(g)^0 (ml„^oo), (4.46) 

except the term in (I4.37P : ml„L(m„ml„). But, since (14.370 totally cancels with the 
zeroth order of {{J^b{x))), it does not appear. It is due to the Q-supersymmetry. In 
particular, Cj in (14.381) becomes 

Ci = --in-{n-l)), (4.47) 

n 

to produce the correct value of the anomaly. Since the argument is same also for the other 
twisted masses rn^j, by sending 

m*^_j ^00 (/ = 72+ + 1, ■ ■ ■ , ra), m*_j, ^00 (/' = r2_ + 1, ■ ■ ■ , ra), (4.48) 

the corresponding fields decouple in the calculation and we reproduce the anomalous 
U(l)^ WT identity for n^ fundamental and ra_ anti-fundamental matters: 

{d^jA>.) = -^(^+ - n_) (tr Foi(x)) + (M(x)) (4.49) 

in the continuum limit. Note that the decoupling is not completely trivial, because we 
send only the anti-holomorphic twisted masses m+7 or m_/ infinitely massive, while the 
holomorphic twisted masses m+i = m-i{= rhi) are kept finite. In this case, the Q- 
supersymmetry plays an important role for the decoupling. 
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5 Summary and Discussion 

In this paper, we have discussed the lattice formulation of two-dimensional A/" = (2,2) 
SQCD with n+ fundamental and n_ anti-fundamental matters, preserving the supercharge 
Q exactly. 

We introduced the Wilson terms to suppress the species doublers of the matter fields, 
but then it was necessary to take n+ = n_ (= n), as long as respecting the gauge symmetry 
and the Q-supersymmetry. When introducing the twisted mass terms into the theory, 
the Q-supersymmetry transformation is deformed so that its nilpotency holds up to the 
combination of an infinitesimal gauge transformation and infinitesimal flavor rotations. 
The transformation parameters are the Higgs scalar (j){x) and the holomorphic twisted 
masses rri±i (/ = 1, ■ ■ ■ ,"",), respectively. Differently from the continuum case, we focused 
on the case m+/ = m_/(= m/) so that the Q-nilpotency entirely holds on the lattice and 
the Q-exact lattice action is guaranteed to be Q-invariant. It is due to the Wilson terms 
that reduce the flavor symmetry U(l)" x U(l)" to its diagonal subgroup. 

Although the Q-invariant lattice action is applicable to the case n+ = n_, if some 
of the fundamental or anti-fundamental multiplets decouple from the theory by sending 
the corresponding anti-holomorphic twisted masses (m^j's or ml^'s) to the infinity, we 
can analyze the general case n+ 7^ ?t,_ starting from the lattice action. In fact, we have 
shown it possible in computing the U(1)a anomaly by the lattice perturbation. The 
decoupling is not a trivial consequence, because the holomorphic twisted masses m/ are 
kept finite. It should be noted that the Q'Supersymmetry plays an important role to 
achieve the decoupling. When considering other observables, even in the situation that 
the decoupling does not hold completely, we could analyze the case n^ 7^ n_ by adding 
appropriate counter terms to the lattice action. 

It is certainly desirable to construct the Q-invariant lattice action for the general 
n±. Through our construction of the action, the problem is seen closely related to the 
realization of the chiral (flavor) symmetry of the lattice action, which is explicitly broken 
by the Wilson terms in our construction. It would be a crucial step to improve our action 
to use the Ginsparg- Wilson fermions [5J for the matter sector with maintaining the exact 
Q-supersymmetry. In the two-dimensional Wess-Zumino model, the Ginsparg- Wilson 
fermions are introduced to the lattice formulation with the exact supersymmetry by using 
the Nicolai mapping ^^ . It would give a hint to construct our desirable lattice action. As 
discussed in [16] , such construction leads to the exactly holomorphic or anti-holomorphic 
superpotential terms, which further help decreasing the number of the relevant operators 
to be tuned. 

The two-dimensional M = (2, 2) SQCD models with various superpotentials have been 
analytically investigated based on the effective twisted superpotentials [211 EHl E3] • The 
number of the vacua or the Witten index of the models has been computed for various 
N, n±, and the analog of the Seiberg duality in four dimensions has been discussed. Some 
insights have been obtained with respect to the property of the sigma models on Calabi- 
Yau manifolds via the correspondence between the gauged linear sigma models and the 
nonlinear sigma models, where the D-term condition in the former determines the target 
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space of the latter in the infra-red hniit. It will be worth confirming those properties 
and exploring new aspects, which are not yet investigated there, from the first principle 
computation using the lattice formulation. 
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A Continuum (1 + l)-Dimensional M = (2, 2) SQCD 

First, we start from A/" = 1 SQCD with n+ fundamental and n_ anti-fundamental matters 
in (3 + l)-dimensional Minkowski space x'^ (m = 0, ■ ■ ■ , 3), to give the corresponding 
(1 + l)-dimensional M = (2, 2) SQCD, via the dimensional reduction. The action of the 
(3 + 1) -dimensional A/" = 1 SQCD is expressed in terms of the A/" = 1 superfields ai 



S 



4DSQCD 



/dV 



tr {W'^W^\,,+ W^W%g) 



8^2 

n+ 



+ 5:$Ue^$,, 



7=1 



^$_,,e-^<l>^ 



-/' 



i'=i 



(A.l) 



where l^ is a vector superfield, and $+/ i^-r) ^-^e chiral superfields belonging to the 
fundamental (anti-fundamental) representation of the gauge group G, i.e. column (row) 
vectors. Under the gauge transformation with the parameter A being a chiral superfield, 
they transform as 



,y 



^, 



iAt 



e-^- 
$_// 



^_.A^-V^.At 



$_/' e 



JA 



^+1 ^+1 ^ 



$ 



t 



e-*^' $L,,. 



(A.2) 



After taking the Wess-Zumino gauge, the action is written in terms of the component 
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We use the notation of Wess-Bagger's book |37j . 
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fields as 

'S'4DSQCD 






2 tr f-iF™"F„„ - iAa^P^A + ]-D^ 



r 



4 



1=1 

-iilj+ia"'Vmip+i + iV2 (^(p^jXtp+i - ^+/A0h 

—iip-fa^'Dmi'-i' + «v2 ( —ip-i'X(f)^___j, + (f)^j/X^lj^j 



i'=i 



Here, v^, A, D are components of V, and (/)±, V'i) F± are of $±. We rescaled as Vr, 
A — > 2A, D -^ 2D in Wess-Bagger's notation, i.e. 



. (A.3) 



V = -2ea'^e Vmix') + 2ieee\{x') - 2ieee\{x') + eeeeD{x'), (a.4) 

tlien tlie field strength and the covariant derivatives are expressed by {dm = d/dx'"^) 

Fmn = dmVn " dnVm + i[Vm, Vn], ^mA = S^A + i[Vm, A], 



'Dm(p+I = dm<P+I + iVm (p+I, T^m^+I = Qmi^+I + iVra ^+1, 



dr, 



a 



a 






d 



i(f)-r Vm, T^mi'-v = dmi'-r - ii^-r Vm, 



' -^^ , + iVm 0lr/, Vmlp-I' = dm'4'-I' + Wm ^-I'- 



The supersymmetry transformation, which keeps the Wess-Zumino gauge, is given by 
where 



(eQ+e<5)$-/'+'5A$-/', 



(A.6) 



Qo. = 4^- ^Kj^dm, Qa = -tI- + ^0^<adm, (A.7) 



86" -a"- """ -" QQc 

and ^, ^ are spinor parameters of the transformation. Since the tranformation {C,Q + ^Q) 
alone does not preserve the Wess-Zumino gauge, the infinitesimal super gauge transfor- 
mations of the last terms in the r.h.s. of (JA.61) are necessary to recover the Wess-Zumino 
gauge: 

6aV = 2t{A-A^)+t[V,A + A'^], (5a$+/ = -22A$+j, (5a$-/' = 2z<l>_7/A, 

A = -tOa'^^Vmix') - eelXx') + Ueea''a'^ldnVm{x'), 



At = -m'^i 



Vm{x') - mKx) + \ma^CJ^idnVm{x'). 



(A.8) 
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Next, we collapse the directions x'^,x'^ to points, and denote 

x^ = x'^, x^=x'^, Ao = vo, Ai=vs, Xi=-ui, X2 = t;2 
to obtain the (1 + l)-dimensional A/" = (2, 2) SQCD: 



'S'2DSQCD 
'S'sYM 



S. 



5, 



b„ 



SYM "T 1^11^1,+ ~r Ojnat,- ; 

^fd'xtT(-^F^-^F,^-^-VyV,^ 



(A.9) 



(A.IO) 



r + \d' 



b„ 



/n+ 
1=1 



-^\a^'V,\-\i[^,\,]-\^[(|>,\^] 



-V^^(t)\p,(t)+i - -0;,{0, 0}0+/ + Fl,F+j + 0i.,Z)0+, 



S. 



mat, 



/• "- r 1 _ 



where (9^ = d/dx^ {fi = 0, 1), "D^ are the covariant derivatives with the gauge fields A^ 
used, and = Xi + iX2, = Xi — 2X2 are complex Higgs scalars. 

Using the index R (L) instead of the spinor index 1 (2) to show the spinor structure 
explicitly, we have 



^SYM = ^ J d\tT(-^F>^''F^,-V>^(t)V,^-^[ 



+ D' 



Or, 



/n+ p 
7=1 L 



+2i\rVl\r + 2i\lVr\l - \r[^, \l] - Al[0, A; 



-VyljV,(l)^i - -0i,{0, 0}0+/ + F^F+i + 4>\iD(l)+i 



+2illj+jRVLlp+IR + 2itl)+iLVR^+iL - i)+lR(t)i}+IL - 1p+IL4>'ip+IR 
+iV2 [(j)\i{\Li'+IR - Xr^J+Il) + {~i'+IR^L + i)+IL>^R)4>+I 



On 



+2i2/j_j'RVLi'-i'R + 2i^_rL'DR^_rL - iJ-i'L4>i'-i'R - i'-vR'Pi'-i'L 
+iV2 {{-ip-i'L><R + 'ip-i'R><L)<plr + (p-riXRip-i'L - ^l^-i'r)j 

(A.ll) 
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with Vji = ^(T>Q — Vi), Vl = j(T>Q + 1^1). Correspondingly, the supersymmetry trans- 
formations for the component fields are written as 



6i:Ao 


= i^LXL + i^RXR + i^RXR + i^iXL, 


5^A, 


= iihXL - ^^rXr - iIrXr + iIlXl, 


5^(1) 


= -2i^lXr - 2t^RXL, 


k^ 


= -2iiRXL-2ilLXR, 


S(>^R 


V 2 y 


S^Xl 


= a (^D - Foi - '-[(/>, 0] ) + 2^rVl(I), 

\ 2 y 


^cAr 


= ^R [-iD + F01-'- [0, 0] ) + 2^lVr(1>, 

V 2 y 


SfXi 


= a -2D-Foi + -[0,0] +2CrVl<I), 
\ 2 / 


5^D 


= -2^rVlXr - 2^lVrXl + 2^lVrXl + 



-^ei?[0, Ai] - t^L[<P, Xr] + ^^[0, A^] + t^R[<j), Xl], (A. 12) 

J+I = V2^Li^+JR- V2^Rtlj+IL, 
Si:^+JR = -t2V2^LVR(l)+I+V2^R^<j)+I + V2^RF+I, 

6^ij+iL = z2V2U1^L<P+i-V2^L(t>^+i + V2^LF+i, 

6^F+j = -t2V2^RVL^p+IR-t2V2^LVRtP+iL + V2^R^^P+IL + V2^L(l)i^+IR 

+2i^RXL(l)+i - 2i^LXR(l)+i, 

Si<P+I = -V2^Li'+IR + V2^R^+iL, 

5^i>+jR = t2V2UVR<plj + V2^R<plj<P + V2^RFlj, 
ki'+iL = -t2V2iRVL'pli-V2iL'Pli^ + V2^LFlj, 
5^fI, = -t2V2^LVR^+iL - t2V2^RVLiJ+iR - V2iL^+iR^ - V2^Rij+iL(p 

-2i^L(l)ljXR + 2iU(f)l,XL, (A.13) 
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6^^_rR = -t2V2^LVR(l)^r-V2^R<P^i4 + V2UF_i,, 
-2i^R(f)_r\L + 2i^i0_//A/j, 

5?0l// = -V2^Li'-I'R + \/2^R^-/'L, 
6i:^.pR = t2V2^LVR(l)l,,-V2^R<j)<j)l,,+ V2^RF[j,, 

hi'-i'L = -i2V2U1^l^Ij, + V2^l^(I)Ij, + V2^lF1j„ 
5^f!,, = -t2V2^LVR^.rL-t2V2^RVL^_rR + V2^R(l)^_i,L + V2^L^^.j,R 

+2tU\R(l)lj, - 2t^R\L(l)lj,. (A.14) 

A.l Twisted Masses 

We can introduce the twisted mass terms to the matter multiplets by gauging the U(l)"'+ x 
U(l)"'- of the flavor symmetry and fixing the corresponding vector superfields to the 
background values as 

7=1 1=1 

5^<l>_,,e-^<l>l,, ^ 5^$_,,e-^+^-^'<l>L,, (A.15) 



/'=i /'=i 



with 



v+i = 2eReLm+i + 2eLeRmij, 

V-r = 29ReLm.p + 2eL9Rm*_j,. (A. 16) 
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In the presence of the twisted masses, the matter-part actions 5'mat,+, S-^aat- are deformed 
as 



S^ 



mat,+m 



1=1 



a 



a 



-V^(l)\jVf,(j)+j - -(I)Ij{(J) - m+i, (f) - mlj}(j)+i 



S^ 



mat,— m 



+fIjF+i + 4>\iD(j)+i + 2#+7^PiV^+//? + 2ii,+iLVn^+iL 



V=l 



(A.17) 



-V^'(t)-rVf,(jy_^, - -(j)-i'{(j) - m^p, (j) - m*_j,}(jy_j, 



+F_rFlj, - (l)^rD(l)lj, + 2tilj_rRVL^p-rR + 2i^_PL'DRi)-vL 
+i\/2 ( (-?/'_/'LAij + i'-rRXL)<P-p + (p-i'iXRip-rL - ^bi'-VR, 



Also, the supersymmetry transformations (1A.13I) . (1A.14I) become 

5^(t)+I = V^^L'ip+iR - V2^riIj+il, 
6^tP+iR = -i2V2^LVR<f)+i + V2^R{^-mlj)<f)+i + V2^RF+i, 
6i:^+iL = t2V2^RVL(l)+i-V2^Li(l)-m+i)(l)+i + V2^LF+p 
6^F+j = -t2V2^RVL^+jR-t2V2^LVRij+iL 

+V2^r{(J) - m\j)ip+iL + V2^l{(P - fh+i)ip+iR 

+2i^R\L(p+i - 2i^L>^R(j)+j, 

-V2iLi'+iR + V2iRi,+iL, 

z2V2^lVr(PI, + V2^R^l,{(P - m+j) + V2^rFIj, 

-i2V2^rVl(PIj - V2^L(piji^ - mil) + v^a^j/, 

-t2V2 ^lVr^j+jl - t2V2 ^rVl^+ir 

-\/2iLip+iR{(t) - fhlj) - v^^r^+/l(</) - m+/) 

-2l^L(l)iiXR + 2t^R(l)ljXL, 



s^i'+iR 



(A.18) 



(A.19) 
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-/'; 
-/'; 



S^ij.PR = ~i2V2iLVR<P-v - v^ei?0-/'(0 - m*^i') + V2iRF_i 

6^F_r = -i2V2iRVLi'^vR-i2V2iLVRij-vL 

-2i^R(l)_p\L + 2i^L<P-i'>^R, 

d^^.vR = i2V2iLVR4>lj, - V2iR{<P - m_/O0l,, + V21rFIj,, 
hi'-i'L = -i2V2U1^L<plr + ^2^(0 - m*_,,)(l)lj, + V2^lFIj„ 
S^F^j, = -i2V2iLVRi^.vL-i'iV2iRVLi'_rR 

+ v^^/j(0 - m_p)i!_rL + V2^l{(J) - m*_j,)i)_i>R 

+2iiL>^R<pl,, - 2iiR\L4>li,. (A.20) 

B On Lattice Perturbation for U(l)^ Anomaly 

In this appendix, we present the exphcit form of the U(l)A-Noether current in the SYM 
sector of the lattice theory for the completeness. Also, the form of the interaction terms in 
the matter sector used to the perturbative computation of the U(l)^ anomaly is expressed 
up to the relevant orders. 
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B.l U(1)a Noether Current in Lattice SYM 

U(l)yi-Noether current derived from the SYM part f l3.9p is explicitly given as 



tSYM/ - '^ 



'^AO {^) — 



gl \l--^||l-f/oi(x)||2 

xtr [x{x) {Uo{x)iJi{x + 6)Ui{x + 6)Uo{x + i)-^Ui{x)-^ 

+Ui{x)Uo{x + i)f/i(x + 0)-Vi(a; + 6)Uo{xy^)] 

1 1 

-tr(x(x)<l>(x)) 



{I - M^ - Uo.ixWY ^' 
xtr [^i{x + 0) {Ui{x + 6)Uo{x + l)-^Ui{xy^Uo{x) 
-Uo{x)-'Uiix)Uo{x + i)[/i(x + 0)-^)] 
+tr [2^{x)Do^{x) - 2^{x)Do(pix) - iiJoix)Uo{x)r]{x + 6)Uoix)-^ 

+2a^o(x)V'o(x)t/o(x)0(a; + O)[/o(x)-i] }, (B.l) 



Jinx) 



a? I —I 



gl \l-^^\\l-Uoi{xW 

xtr [x{x) {Uo{x)Ui{x + 6)Uo{x + i)~Vo(a; + l)Ui{x)-^ 

+Ui{x)Mx + i)^o(x + i)f/i(x + o)-^Uo{x)-^)] 

1 1 

-tr(x(x)$(x)) 



{I - ^\\l - Uo.ixWY ^' 
xtr [Mx + i) {Uo{x + i)Ui{x + 6)-^Uo{x)-'Ui{x) 
-Ui{x)-'Uo{x)Ui{x + 0)f/o(x + 1)-')] 
+tr [2(j){x)Di(j){x) - 2(l){x)Di(j){x) - i^i(a;)f/i(x)r/(x + i)Ui{x)~^ 

+2aMx)Mx)Ui{x)^{x + i)Ui{x)-'] } (B.2) 



with 



D^(j){x) = - (U^{x)(f){x + fi)U^{x) ^ - (f){x)) , 

D^^ix) = ^{U^ix)^ix + fi)U^ix)-'-^{x)). (B.3) 

B.2 Interaction Terms in Matter Sector 

We explicitly write the interaction terms in the matter sector by dividing into the seven 
parts: 

In the calculation of the U(1)a anomaly from the matter multiplets, the SYM fields 
are treated as the external fields. Also, in the lattice perturbation, the link variables 
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U^{x) = e^"-^!^^^^ are expanded with respect to A^(x), and the external momenta carried 
by the SYM fields are treated as quantities much smaller than 1/a. For the computation, 
it is sufficient to keep the terms with 

(the power of external momenta) + (the number of the SYM fields) < 2. (B.5) 



The interaction terms satisfying ( IB. 51) are as follows. 

V^"^* consists of the three-point gauge-squark couplings (See footnote [H] in page 1221): 



^7 (27r)M27r)^ 



d'q d^k 



y^ I 2qf, cos(ag^) + k^ cos^(ag^) - iak^q^e' 



,/i=0 



-laqfj. 



'■ 2^ ^^luku cos(ago) cos(ag 



\ra] 



i/=0 



i) + {rafm^ + ^-^k^e-''"'^q^ + {rafq^, k ■ q 



X(P'^^,{-k-q)A^{k)<P+i{q) 

1 
- ^ Y% cos(ag^) + k^ cos^(ag^) - iak^^q^e 



■laq^ 



/i=0 



(ra) 



+i ^ (^^Luku cos(ago) cos(agi) + [j-afq^q^ -\ ^^^^ ^"^"^^ + (^«)^?m ^ ' ^ 

i/=0 

x0_,(-A;-g)I^(A;)0t_^(g) 
+ra(-go cos(agi) + % cos(ago))0^+/(-A; - g) (^A;oA(fc) - A;iAo(A;) j 0L/(g) 
+ra(gocos(agi) + % cos(ago))0-/(-A; - q) ( A;o^i(A;) - A;iy4o(A;) ) 0+/(g) 



(B.6) 
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with k-q = Y.l=o ^t^%- 

Vg"^* consists of the four-point gauge-squark interactions: 



K'"* 



d^g d^A; d^i 



j^J (27r)2 (27r)2 (27r)^ 



<P\Aq)\Y.cos\aq,)A,{k)A,{t) 



. M=0 



+icos(ago)cos(agi)[Ao(A;),Ai(£)] + (ra)2 ^ q^q^A^{k)A^{t) \ (j)+i{-k - i - q) 



fi,u=Q 



+<P~i{q) { Y,cos\aq^)A^{k)A^{£) 



-icos(ago) cos{aqi)[Ao{k),Ai{e)] + {raf ^ qf,q^A^{k)A^{i) \ i^_j{-k - i - q) 

fj,,iy=0 ) 

^ 1 

1 

+0„/(g)^rag^|-icos(ago)[Io(A;),^MW]+cos(agi)[li(A;),I^(£)]} 

At=0 

x0+,(-A;-f-g)l. (B.7) 



Vg"^* consists of the three-point gauge-quark couphngs: 



T^int 



d^g d^A; 



^7 (2vr)2(27r)^ 



2cos(ago) + -aA;oe-^"*' \ ^ M) A^{k)^ i{-k - q) 



+ <; - cos(agi) + 2-oA;ie-*"«^ \ ^ i{q)Y.^A^{k)^ ,{-k - q) 



+ 5^ra ( g^ + -k.e-''^'^- ) 'l',(9)SiA^(A;)^/(-A; - g) 

/i=0 



(B.8) 



with 



^3 

as y ' 



Si 



ai 
-ai 



(B.9) 
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ymt Qontains the three- and four-point interactions of the squarks to the Higgs, Fqi or D: 



yint 



d\ d^k d^ 



^7 (27r)2 (27r)2 (27r)^ 



-0t^,(g){0(A;),0(£)}0+,(-^-^-9) 



+ ^<l>-im<Pik), m}<t^^-ii-k -i-q) 



7=1 



(27r)2 (27r)2 



+/(g) -i'oilA;) - /^(A;) - mj<p{k) - m;,0(A;) 0+,(-A; - q) 



+0_7(g) ( Foi(A;) + D{k) - mj<l){k) - m*_,0(fc) j (/.t_,(-A; - g) 

(B.IO) 



Vg™* consists of the Yukawa coupUngs of the Higgs to the quarks: 



vf 



E 

7=1 



d^q d^k ^ 



(27r)2 (27r)^ 



^7(g) 



(/.(fc) 



0(A;) 



0(A;) 



^(fc) 



^j{-k-q).{B.n] 



Vg"^* consists of the Yukawa interactions containing x, r^: 



T/int 
•^6 



d^g d^A; 



^7 (2vr)2(2vr)^ 



^Aq) { ix{k) - -r]{k) ] ip+ni-k - q) 



+'^+ir{(1) { ~ix{k) - -v{k) ] (p+i{-k - q) 



+0-7(g) ( -ix{k) - -r]{k) ] ip^jui-k - q) 



+i)-iL{q) [ ix{k) - ^V{k) ] (p^-i{-k - q) 



fB.12) 
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ymt consists of the Yukawa interactions containing -j/;^: 



W" = E 



1=1 



2„ j2 



(27r)2 (27r) 



-icos(ago) - -akoe ""^° \ (^i!^jL{q)i'o{k)(j)+i{-k - q) 

+<PKM)'^o{k)i)+iR{-k - g) + 4>-i{(l)%{k)i)_i^{-k - q) 
+^.jR{q)MkW-i{-k - q) 



+ I cos(agi) - i-akie ''"'' \ (^^+jL{q)Mk)<P+ii-k - q) 
-(t>\i{(i)i'i{k)i)+iR{-k -q) + 4)^i{q)^i{k)^_jL{-k - q) 

-4>.i{q)i)^{k)i)+iR{-k -q)- 0t+^(g)^^(A;)V5_^^(-A; - q) 
+^-m{q)Mk)^+ihk -?))]• (B.13) 



References 

[1] F. Sugino, JHEP 0401 (2004) 015, |arXiv : hep-lat/031 102l| 



[2] F. Sugino, JHEP 0403 (2004) 067, ||arXiv:hep-lat/04010T7|. 



[3] F. Sugino, JHEP 0501 (2005) 016, | arXiv : hep-lat/041 0035| . 

[4] F. Sugino, Phys. Lett. B 635 (2006) 218 [arXiv : hep-lat/0601024| . 

[5] P. H. Ginsparg and K. G. Wilson, Phys. Rev. D 25 (1982) 2649. 

P. Hasenfratz, Nucl. Phys. Proc. Suppl. 63 (1998) 53 | arXiv:hep-la t/9709fTo|. 

H. Neuberger, Phys. Lett. B 417 (1998) 141 | arXiv : hep-lat/97070 22| ; Phys. Lett. B 

427 (1998) 353 [ arXiv : hep^Iat/98 0103l| . 

[6] G. Curci and G. Veneziano, Supersymmetry And The Lattice: A Reconciliation?^ Nucl. 
Phys. B 292 (1987) 555. 

[7] M. Kato, M. Sakamoto and H. So, JHEP 0805 (2008) 057 |arXiv: 0803 .31211 [hep-lat]]. 

[8] G. Bergner, F. Bruckmann and J. M. Pawlowski, larXiv: 0807. 11101 [hep-lat] . 

[9] A. D'Adda, I. Kanamori, N. Kawamoto and K. Nagata, Nucl. Phys. B 707 (2005) 100 
|arXiv:hep-lat/0406029|; Phys. Lett. B 633 (2006) 645 [arXiv : hep-lat/0507029] ; 
Nucl. Phys. B 798 (2008) 168 }arXiv: 0707 .3533 [hep-lat]]. 
S. Arianos, A. D'Adda, A. Feo, N. Kawamoto and J. Saito. larXiv : 0806 . 06861 [hep-lat] . 



37 



[10] K. Nagata, JHEP 0801 (2008) 041 [arXiv: 0710 .5689 [hep-th]]; larXiv: 0805 .42351 
[hep-lat] . 

K. Nagata and Y. S. Wu, larXiv : 080374 339 [hep-lat] . 



[11] F. Bruckmann and M. de Kok, Phys. Rev. D 73 (2006) 074511 [arXiv : hep^lat/06030031 . 



F. Bruckmann, S. Catterall and M. de Kok, Phys. Rev. D 75 (2007) 045016 
[arXiv : hep-lat/061 1001] . 

[12] J. Giedt, Int. J. Mod. Phys. A 21 (2006) 3039 [arXiv : hep-lat/0602007| . 

[13] N. Sakai and M. Sakamoto, Nucl. Phys. B 229 (1983) 173. 

[14] S. Catterall and S. Karamov, Phys. Rev. D 65 (2002) 094501 [a rXiv : hep-lat/0108024| ; 
Phys. Rev. D 68 (2003) 014503 [arXiv : hep-lat/0305002j . 



[15] S. Catterah, JHEP 0305 (2003) 038 [arXiv : hep-lat/0301028| . 



S. Catterah and S. Ghadab, JHEP 0405 (2004) 044 |arXiv : hep-lat/ 031 1042] ; JHEP 
0610 (2006) 063 [ar Xiv : hep-lat/0607010i . 

[16] Y. Kikukawa and Y. Nakayama, Phys. Rev. D 66 (2002) 094508 



||arXiv:hep-lat/0207013 



[17] D. B. Kaplan, E. Katz and M. Unsal, JHEP 0305 (2003) 037 |arXiv : hep-la t /02060T9| . 



A. G. Cohen, D. B. Kaplan, E. Katz and M. Unsal, JHEP 0308 (2003) 024 
[arXiv : hep-lat/0302017| ; JHEP 0312 (2003) 031 f arXiv : hep-lat/0307012] . 



D. B. Kaplan and M. Unsal, JHEP 0509 (2005) 042 arXiv : hep-lat/0503039 



M. Unsal, JHEP 0511 (2005) 013 |arXiv : hep-lat/0504016 



[18] M. Harada and S. Pinsky, Phys. Lett. B 567 (2003) 277, [ arXiv : hep-lat/0303027l ; Phys. 
Rev. D 70 (2004) 087701 f arXiv : hep-lat/ 0408026| ; Phys. Rev. D 71 (2l)05) 065013 
[arXiv : hep-lat/041 1024J . 



[19] S. Catterah, JHEP 0411 (2004) 006 |arXiv:hep-lat/04 1005"2]; JHEP 0506 (2005) 027 
[ arXiv : hep-lat/0503036j . 

[20] T. Ishii, G. Ishiki, S. Shimasaki and A. Tsuchiya, larXiv: 0807 .23521 [hep-th] . 



[21] K. Ohta and T. Takimi, Prog. Theor. Phys. 117 (2007) 317 [arXiv : hep-lat/061 lOll 

[22] M. G. Endres and D. B. Kaplan, JHEP 0610 (2006) 076 [arXiv : hep^lat/06040 12] . 

[23] S. Matsuura. larXiv: 0805. 4491 ' [hep-th]. 

[24] S. Catterah, JHEP 0704 (2007) 015 |arXiv:hep-lat/0612008| . 

[25] H. Suzuki, JHEP 0709 (2007) 052 jarXiv: 0706. 13921 [hep-lat]]. 

[26] I. Kanamori, H. Suzuki and F. Sugino, Phys. Rev. D 77 (2008) 091502 [arXiv: 711 .20991 
[hep-lat]]; Prog. Theor. Phys. 119 (2008) 797 [ar Xiv: 0711 .2 132 [hep-lat]]. 

38 



[27] M. Unsal, JHEP 0610 (2006) 089 [arXiv : hep-th70603 046| . 

T. Takimi, JHEP 0707 (2007) 010 [arXiv: 0705 .38311 [hep-lat]]. 
S. Catterall, JHEP 0801 (2008) 048 |arXiv: 0712 .2532 [hep-th]]. 

[28] P. H. Damgaard and S. Matsuura, JHEP 0707 (2007) 051 [arXiv: 0704 .26961 
[hep-lat]]; JHEP 0708 (2007) 087 [arXiv : 0706T3007 [hep-lat]]; JHEP 0709 (2007) 
097 [arXiv: 0708 .4129 [hep-lat]]; Phys. Lett. B 661 (2008) 52 [a rXiv: 0801. 29361 
[hep-th]]. 



[29] E. Witten, Nucl. Phys. B 403 (1993) 159 |arXiv:hep-th/9301042 



[30] A. Hanany and K. Hori, Nucl. Phys. B 513 (1998) 119 [ arXiv:hep-th/9707192[ . 

[31] E. Witten, Commun. Math. Phys. 117 (1988) 353; Int. J. Mod. Phys. A 6 (1991) 2775. 



[32] M. Liischer, Nucl. Phys. B 549 (1999) 295 [ arXiv : hep-lat/9811032] . 
K. Hori and D. Tong, JHEP 0705 (2007) 079 [arXiv : hep-th/0609032 



[34] H. Suzuki and Y. Taniguchi, JHEP 0510 (2005) 082 [arXiv : hep-lat/0507019j . 

[35] T. Reisz, Commun. Math. Phys. 116 (1988) 81. 

[36] L. H. Karsten and J. Smit, Nucl. Phys. B 183 (1981) 103. 

E. Seller and I. O. Stamatescu, Phys. Rev. D 25 (1982) 2177 [Erratum-ibid. D 26 (1982) 

534]. 

[37] J. Wess and J. Bagger, Supersymmetry and Supergravity, Princeton, USA: Univ. Pr. (1992) 
259 p. 



39 



